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zn0d0000000r<d000000000000000000000
{2:/2]1<k<T}000000000000O00000000O 20(00
2,/>000000000000000000)00000000000000
ooo

000000300 (d2n 0000000000000<X<108B00
00 XO00OOOOO0O000 X=n/d00 0000000000000 {a}
00000000000000000001000r0 2000400000
000 000000000000000000000000

zn=x1d+ry, r:=zn—x1d, 711 =nz(modd).

ooboobD 20000 20000 0 2000000000 2000 ry
goobooogo:

21 = xod + 19, 1o =21 —xod, 19 =nz’ (mod d).

¥z.=>-1000000000000ZZz---00000000000000000010
oobogood
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ooddoooodooooooo k0000 000 rOOoO0ooogd
2rp1 = xpd + 15, TR = 2Tp—1 — xpd, TR = 0z’ (mod d).

0000000000000000000210000000000000
000000000000MO00000000000000000000
200000000000000000000000000
0012.00000000000000000000000000¢04

0000 :01/:00000000000000000000000000
0000000000000 000000000 —10000000000
00000000 70000000 {z4)0<a,<2 1<k<T}00000
(ADDDDD0000000000 {u, :=ax/2] 1<k<T, 0<u,<1}
0000000007T,:00000000d,,000002n0d00000
000<n<d00D00000(d,2n) 0000 MC)O00D0000O0O0DOOO0
0o0o0oo

{op :==rp/d| 0<k<T—1, r,=mod(nz"d), 0<wv<1}
gogbboobboobboobobuoooboon
O<wvp_q—up<l/z, 1<k<T.

(B)0DOOOOO (d,2,n)000d0O 2,n000000n<d00O00000O
000007000000 (@)00 {w0<k<T-1}000000000
{ug| 1< k<T}0OOOODOOOO00OO

uk:vk_l—vk/z, 1§/€§T.

O000A)E>20000000 k000000000 2rg—q —akd=1rx 0
O0rp:=n0000000000 k=1000000000000dz2000
goooaoo

re—1/d —xp/z = (ri/d)/z, 0 < vg_1 —ux = uvg/z.

O0001<k<TOO0<wv,<10000000000000000
(B)0DO0O0 [ |
02000100000000p=2510000002=34000000
(p,)00000 T=p—1=25002000000000012(B)0000

“H. Nakazawa and N. Nakazawa: Designs of uniform and independent random numbers with
long period and high precision, file name 3978erv.pdf, March 9-July 8, 2008, www10.plala.or.jp/h-
nkzw/indexarchivenew.html
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000000000 20000000000000000000 12(A)000
000000 1/3400000000000000000000000000
00000 (d,2)00d~2%0 2>d/2~22~1342177280000000
0000000000000000000000000
0000000000000000000000000000000000
00000000000000000000000000000000000
00000000000000000000000000000000000
000000000000000000000000000000000
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020 0O0OO0O0O0OO0OOOO0OOOOOODOOO0

2. 1. 0000000000000

0000dO000 z0seedd nOODODOODO (d,2,n) 000000000
{ro,r1,72,---} 00000 100000000000000C0OOOOOODO
oo0oooopooogd zg;*0000 00000000 H,OnDOOOO

nH, := {nz"(mod d)| k =0,1,2,--- ,T — 1}

0000000 000000
0000000000000 000000000ooooooooooon
0000000000000000000000000000000 Fishman
O MooreJOODOY¥OOOODODOOODODODO exhaustivetestssO D000 d0O
00 ,000000000000000000000000000000O000
0000000000000 0000000o0ooo0oooooooon
00000000000000000000d000 000000000
000000000000 00000000000oooooouoooong

000000000o0Oooooooooo

0000000000000 100000000000d=p>20000
0000000 0000000000000020000000000000
020000000000000000000000 F,0000 GFSR
generalized feedback shiftregister 0 0 D 00 0000000000000
000000000000000000000000000 21000000
0000000000000000000M20000000000000
000000000000 00000Y 20000000000000000

3G, s. Fishman and L. R. Moore: An exhaustive analysis of multiplicative congruential random
number generators with modulus 23! — 1, SIAM Journal on Scientific and Statistical Computing
7 (1986), pp. 24-45.

YOopoooDoOOODOOOODOOODOODO (°ooN00000000000oonon
00 equidistribution 00 0000000000000 O0OOOOOOOOOOOOOOOOOO
gobooooo F,O0000D0O0OC0OO0ODODOODOOODODODOODODODODODODO
0000000000000000000000000000000000O000 12(A)000
0000000000000 TOODOODODOODOUOOODDOOOODDODOOOO0ODOOOO n/dO
gbobooboboobooooooooobobobOobO0obOobDooDooooooo

"H. Nakazawa and N. Nakazawa: Designs of uniform and independent random numbers with
long period and high precision, file name 3978erv.pdf, March 9-July 8, 2008, www10.plala.or.jp/h-
nkzw/indexarchivenewhtml; 000000 d =10 0000000000000 0O00O0O0O
0000oddgooooo 2000000000000 000DODODDOO00O0ODOOOOOO01O0
gbobobobobobooobooboooboobooooooooboboboboboo
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oo0oo0o0oboOo0o0obo0o0oDbOoOdb210b00oDoOoOooDooOobDbooo
00(d,z)D0O0D0oO0oOooOoooOdoooo

()00000 (0002000000000 (R)200000

0000000000000 00000 Uoooooooooooooo
gbobogoboboooooooboboboboboboboooooooon
gobobooboooboobboooboobboobooboobobooon
oooooobz20000o0oMCOOOOOOODOOOOObODbOOObOO
gobobooboooooboboboooobobooboboooooboobo
00000 ()DoooooopooooO0 @Uo20000oooooooo
gobobooboboooboooboooboooboobooboobobooon
gobobopobooboboobbooobooobooboobooboboooon
gboboooog

0000 (oO0000o0oooooooooooooooooooooo
obobooboobobooboboboooobobobuobodd=p>20000
goboboobobooobooonobopobbOoobon

Zy,* ={1,2,--- ,p—1} (mod p)

jdddoooMCOOOOOOOOOOOOOoOoOoOoOoOoOoOoooOoOoO

odoobooooodyp>2000000000p—100000000O0003
oooobooooooooooooob poooon zkzlmodpDDDk
gdodoodooooooooouououoooooooououooa
JddddooooooooooooooMCcOOoOoOooooooooooao
JoddooooooooooooooooooooMCcooooooooa
JoodoooooooMCcOOOoOoooooooddodoooooooooa

JdddddddddddddoooooooOoooooooooo 183000 2
O0dooooooooboboooooooooooooooboooooooa
ooooooooon

0013.000000p>2000000000

(A)ODOO0O ¢ODO000p=2¢g+10000000p0 Sophie GermainJ O
OoscO0O0OO0¥OO0O00:=20SG0000000002000000000
gooooooood qguboooag

B)UDODO 000000 p=4r+1000000000p0000ODOOO
ONNOOODOOOOOz=20NNOO pO(QUODO)OODODOODOO

By=20000SG00p=500000000 »=20400000005010000
0000 S50000000q=30SGO0Op=70000002=203000070100
000000 7000000000000000000 —2=5(mod7)07—-1=60000
ooil000ob0oboooooogo
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O000A)SGOO p=2¢+10000000000 Z,*={1,2,---,p—1}
0000 p—1=2¢00000 LagrangeDJ 00000000 2=20000
0000 H,0OOO 2¢00002,¢,2¢q0300000000p=5,7,--- 0
sGOO0ODO0O0DOD0O0O0D0:z=20000200000000¢0 2000
0000000 2000000002=2000000¢000000000
0-200002000000¢q000000 (=2)7=(-1)921=-10000
—20000200000000000000002000000000000
(B)0D000D0000D000DDOO00DDOOONNDOOO p=13=
4x34+10000p—-1=12=4Z3*002=200000000 Lagrange
00000000 2,r=3,42r=6,4=1200000000000000
130 22=4, 23=8,2*=16=3, 2°=6, 6=12=-1, z12=1000000
00 »=20000012=p—10000000000000 NNODO
r=70000p=29000000NNOOOp=4r+1>2900000000
Lagrange 0000 »=20000 4000 {2,4,72r4} 00000000
Op>290 z=200002040000000000z>=-100000
0000000000 z=20000 0200000004 0000000
O0o0 mMOOoooOov

M:=(2-1)(2-2)---(2-7){2-(r+ D)2 - (r+2)}---{2-(2r)} = 227 (2r)!
oobpO0bbooobboOobbOoonon

M

2-4----(2r)-(2r+2)-(2r+4)---(2r+2r)

24 (20) - (p— (2 1) (0~ (2r ~3) - (p— )
= (—=1)"(2r)! = —(2r)! (mod p)

gogd-0obboobbbobbddodoouuuug pooob @
227 (27)! = —(2r)! (mod p)

00000O0(2)!00000p=4+10000000000 (270000
00000000000 227 =-1(modp)00000 |
0000 13000000000 p00000000000002000 —2
00000000000000000000p00000 2z=2* (mod p) 0
00 2= (-2)* (mod p)D00 kO p—10000000000000000
0000000000 sweepd 0000000
0000000000000000000000000000000000
000000000000000000000000000000 (d,2)00

O0DO0DO00000O0D0DO000000 20130 40 17000000000
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00000000000000000000000000000000000
00000000000000000010000000 pO00000000
000000000000000000000000000000 pOO0O0Q
000000000000 exhaustive 000000 00000000000
00000000000000000000000000000000000
00000000000000000000000000000000000
000000000000000000000000000000000

0000000000000000000000000000000
(d,,n) 000000000 7TO0000000000OD0D00D0O0O0O0OO0
00000000000000000000000000000000d=p
00000000 :000000000000000AhA=p—1010000
000000000000000000T=h=p—-10000000000
0000000000000000000000000000000000
00000000000000000000000000p—-1000000
D000000d=p000000 (p,2,, 0000000000000 Z,*
={1,2,---,p—1}00000000000000T:=p—-10000000
O0p0O000 20000 ¢:=2720000 ¢=1(modp)0000000
00000000000

¢ =1=(¢+1)(¢~1)=0(mod p),

O0C¢=71(modp)000¢CO0D00000D0 #1000 ¢:=272=-1
=p-1(modp) 000000000 DOODDDOO0O0OOOOOODODOO
0000000000000 00000000000o00oooooooon
0000000000000 0000D000000 7/20000000000
000000SGOOO0D p0D000O00D0ODOOOOOODOOODOOO
00000 z2=20 (p,2) 00000000000000000O0OOOOO
000000000000 00ooooooon

2.2 000000000000 OODODbDOD

gooboboboboboboboboboboboobooooooboo
gboboboboooooooooboboobobobobooooooon
gboboobooooboboboobooooooobobobobooboon
0000000000000 0D0ooooooOO (pz,n)000O00OOOO

000000000000 10000000000000000000D00000000O0
MCOODOOOOOOOOO TOOOOOOOO0OOOODOOOODOOOOOOoDOOooOoo
gooooooroooooooooboOoooooooobooboboooooooboooOoooooon
goooooooOooooooooooooooooMCcoOoOOoOoOoOoOoOoOoOooooooDO
gboooooooood
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goboboobboobboobbooobooobobooobobooooo
goboogooboboobboobooboobooboboooooooboooon
gobobgbo;oooooboboboboboobooobobobobobon
d=pip02000000000000000000CDOOODOODOODO
goboooboboobboobobooboboboooobooooboooon
gboboobooooobooobobobobooo

2000000 m,nO000D0O0O0O0D1I0O0O0DOO0O0OOO0OODODOOO
goooboooobooobboobboonobooo
0014.00000000D00200000m,nO00000100000DO S
gooog

S:={Mm+Nn|M,NODODODODODODODODOO }.

00 S0 00000000 «00000S0«000000000000
O0aO mnO0000000a=(m,n)000:

S ={ka|k=0,+1,+2,---}.

gooogosSddm=1-m+0-ndn=0-m+1.-20000000000
goosoooouobooboddede=Mm+NnOOOOOOODOOOD
SO0000z=Mm+NnO«0OOODOOODDOOOOqOOOO 00
gbobobobibdz=9qa+r 0<r<oeUOO0OO0OO0O0O0O0O0ODOOOOO

0<r=xz—qa=(M —qgM)m+ (N'—gN)neS, 0<r<a.

a0 SO0D0D0D00000OOOr=0,000 000002000000

0000000 e0mOn000000mOn000000%h=(m,n)0

000e<h000000000000000men000000 h=(m,n)

Oa=Mm+NnOOOOOOOe>hO0O000a=(m,n) 000 [

000000000000 000000:

00 15.000000000000 000200000 mep000000

(m,n) 00000 MONOOOO (myn)=Mm+NnOB00000
00015000

gboboooomodz>20000000000000000000
oogooo

A00O0O00000000000000000000000000000000000000
00O

200000000 (me) 000000000000000000000000

®0p M,NODOOOOOOODOOOM'm+Nn=000000 M, N 0000 M =
n, N'=-mO000D00001=M+M)m+(N+N)n=.-.-00000000
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(00000000000000)002>20000000 2=pipa---ps0
0000000000 pi,pe,-+-,ps 0000000000000
(00)0D00000000000O0

(00)OOOOe,b0000D0DODOODODOODOO (a,b)=100000000
gobooooooboooboobbooobotbz=b0000O0OO0ODpP>0
OeOb0000O00ODODODOODOODO
(DODOOO0)0000Oz=e000p0O0ODO0O0OD0ODO0ODO0O0O pO0edOOOQ
gobooboooobooooooobooobodpbolnopuodnoUdyp
Oc.O000D0DOOOOO0ODODOOOOOODOODOO PO ADDODOO

Pp+Aa=1
00000000000 b=Php+Acb0000eb0 pOOOODO0DOOODOO
dds0 pOddoooooono (Cooooog)
(COO0D0OO00DD0OO0DOO0O000000)0000 eO0 2000000000

ma | Nt

a=p"p" - p =M™ g

goobooooooboobobooD m0e00bobobooooooooD
gbobooboooobooboboboooobobo poboboobooboob
bob ;000000000 00:

mi—1,. m Mg
ay=p1 ' p2 ?::Ds

m;—1>00000000000000000000000000O0000O0
gmogoboooobbooib s=tdbooobooobooden
gboboboobooboboboooobobooboog |

uboboopobooboboooobooboobooooon
0000000 e, bO00000O0@ODOOOOOOODODDODOOOO

ms

a=p1"p" - ps™, b=p1"pa"™ - ps™
0000000000000 D0ODO000DOO:
00000 (GCD) = (a,b) = py™in(mum) pymin(mana) .. min(m,n.)
00000 (LCM) = pymax(mun) pymax(ms,na) g max(me,n.),

(00)000000 [ |

2.3. 00000
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00000000%00000000000000000000000000
o016 000000O
(A)200000000000 d1,de 000020000 29,2o0000000
gooogd

x=x1 (mod dy), x =z (moddy)

000 2z00d=dd,00000000

(B)0 00000 Z*00 200000000 Z4,*00 21 =2 (mod dy) 00
000000 Z3,*00 23 =2 (mod dy) 00 (21,20) 00 10 1000000
(C)0D0D00O Z,*00000 ¢(d) =42, 000000000000000
000000000404, 000000000000000000000:

¢(dida) = ¢(d1)d(d).

O000MA)10 0000000000000 Q0QC0O0ODODOO (di,d2) =1
000oooooooboobOobOonbD 1000 Didi+Dedp =1000000
D, D, 0000000000000 0 000000000000:

Dy =dy~ ! (mod dy), D= d;t (mod d3).

00 X := Dodoxy + D1d12, 0000003 X00000000000000
000000000000 X' 0000000000 d;,d,00000000
z1,2,00000 X—-X'000000000000000d, 0400000
000000d=dd, 0000 X-X'00d0000d000000000
00000000 d000000

(B)OO (A)00000000 Z,*00000 2320 (modd;) 000000
00 Z,*00000 2220 (mod dq) 00 (21,22) 00 d=dydp, 00 100
00 XO0OO0O%00k=1,20000000000000000000000
00004, 000004 00000000000d=dd,00000004d
0000Xe€Z,00000000 Xe€Z, 00 d, 000 2 €Z,*000
0d, 00000 2p€ Z,*000000 Z,00000 XO00Z,*00 210
29 € Zg,* 000 (11,20) 0000010 100000000000

()00 (B)OODOOOd; >00 dy >00000 #8Zgy* X 424, =t Zg,4,* O 0
000000000000000000000

A0pQOo0000 439580 0000000000000 SunzioOO

ZSD oo00d X .= {DldlDng/(Dldl)}xl + {DldlDQdQ/(Dng)}l‘g O0O00o0oodd 3 oo
0000000000000 DDO00O0O0DOD0OOO0OOQg

®A)00 21,2 00000000000000000000000MB)00 22,2.0000
00000000 o00D00000DD0oOooong
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OO0 dy>00dy>00000 qb(dldQ) = qb(dl)gb(dQ)

0ooooo |

000000000d>00000000000 Z*0000000000
000000000000p=10000000000p=10000000
0000000000000000000 {1}0000 ¢(1)=#{1}=100
00000p>2000000¢(2) =#{1} =106(3) =#{1,2} =20 ¢(5) =
#{1,2,3,4} =40... 00000000 p>2000000 {1,2,---,p—1}0
p—100000:

g017.00000b0o0o0bo0od>20000000d=ab---f0O00ODO

o) = (@ =1b= 1o (F = 1) =n(l = D)1= )+ (1= 7)
O004Jd00000000 ¢(d)0000 oobD17o0o0

ooboooboobooobooobooooub i oo
Z4,q, 000000000000Z,,*000 Zz,*000200000000
gboboobooobilolgoooooooboboobooooobobon
gobooobooboobooooobooboobooboOosbooDO
gboboboooobobobobooooooboboo

gooboboboboboooooooooobobobobooboo
ooboboooboooooooooboboboboboboobooogoooooo
gbobgobooooooooooobobooboboboboooooooon
goboz20000000b00b000oboobo0ooboooooDbOoOoDO
ooboboobooboooooooooboboobobooboobooooooooo
gbobgobobooooooooboboboboboboboooooooon
gboboobooooboobobobooooboooobobobooboooon
obooboooooooboobobooo

00000200000000000000%00000MCOD0O000O0
goboooboboooboooboobooog pbbobboobooo MCO
gboboobooooooboboboboboooooooboobob pOO
Op—-100000p00000000DO0ODOODODOOOOOODLDODO
oobobooobooooooooooobobobobobobooboooooon
goboobz200b0oboboooooobooooobooooobooDO
gbobgboboooooooboboboboboboooooooooon
ooboboobooboooooooooboboobobooboobooooooooo
oob00z200000000000O0O000O0DOO0ODO0ODOODbOOD
gogno

00000000 20000000000000000000000000
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O30000000ogon

. 1.00ooMCO0Onnn (d,,)ooooooo

MCOODODO (d,z,n)0D00000000O0OO0dOdODOOOOOOODODO
oooooboOz>0,000 dO000DO0OODOOOOR,>0030000000
oooooog

{X; =nz/ (mod d)| j =0,1,2,---, 0<n; <d}

0000Jd000000000000000000000000 (mod d)00
0000®#,04d000000000000seedd000000O0O0ODOO
gobbobobdnbO000DOO0ODOODODODOD2O0D0O0O00O0O0DOO
0000000000000000{v; =X,/d|j=0,1,2,---} 00000 (O
00)booooo

gobooooooiocoon

S; = (nz,nz*, - n2 Y (mod d), j=0,1,2,--

0/000d00obooo0o0goooDJd000oooo (@)bobooooooo
j=0,1,2,.---0000/0000000000 RpOUODOODOODOOD
oboobooboooboomoboboooooob0b0obOnl moddd O O
oboboooooboobobobooooobooomuodobgnooooo
gbobgooooooboo

Oo0oooboono Ao BOOdO000000O0ODOOOOOODO

A—B=ad, A=B+ad

00000 «000000000%0000 A0 BOOdOOOOOODOO
000000/ 00000oooOoOo0 20 (oo 2000000000)O

28DDI]I]I]I]I]I]I]IZIIZIIIIIIIIZI|Z||I|0§X<d|:||:||:||:|IZII]I]I]I]I]I]I]I]I]I]IZIEI
{X; = mod(nz’ d)| j = 0,1,2,---}

oooooobooooooboooooooooooobooboooooOoboOoObObooOoobOOooooobOoonon
00 mod(A4,d) 0000000 A>000000d>00000000000 >00000
ooooo R>o00

A=Qd+R, R=A—Qd=mod(A,d) >0

ooooooooo
000000000 0000000000000000000000000000000
ooog
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Jddddddd0 d0dddddm2000d4d000MMmO00000000
000000Dooooooo0l0oo0o0o00o0n0 RO10O0(@ooon)
O (ay,a9,---,q) 00000

(a1+a1d,a2+a2d,~~ ,al+ald), (a1|:||:| alDDDDDD)

oo0b0¢O0D0O00DOO0O0DO0ODOOOOOOOODOObDOODbDOObObD 200
0000d000000M2000d0000000000000°
MCOOOODOODOOOO/OoOOooOoOOoobooOoboooboo:

er: =(1,2,2%-- 272 2
ex: =(0,d,0,0,---,0,0)
es: =(0,0,d,0,---,0,0)

€e_1: :(0)070707”'7d70)
e : =(0,0,0,0,---,0,d)

gooboMCOUOboOoobOoUORrRUOODODOOODOLOOOOOOOOOOMC
gobooobooo/oooooooo

(a1 + and,ag + asd, -+ ;a;+ qd), (cn 00 O0O0O)

oo ppOOdJdO00O0ODOODOOO0OOOODODODODODOOODOObDODbO
goboobooooooddobonea 000 RpOODODOOODOODO OO
gobooobooooobloobooobod0boobOoobOoobOooDO
ooboboobooooooooooobobobobobooboooooooon
oobobooboooooooooooboboobobooboobooooooooo
gobobobooooobobobooooboboobobooooboobo
goooobJ4J00b0gboboobobooobogbobooobooooobooDo
gooooooooo

oo0oOo0obO0O0bOOO000oo0oobOoooOOobobDOoOo 2000 IoDODO
UobJd0D000000D0000O00D eo00 ggOOOOOoOoooboogon
goooi1oooogon

(d,0,0,---,0,0) = de; — zey — z%e3 —--- — 2! 2e;_1 — 2l Le

Oo0oooO0o0oo0o0oooOooooOooo RpOOOOS;00004000
0000000000000000 {ey,eq, -, 00000100000

¥Oop RUO0ODOODOO0ODOdO0DO00D00D0O00O0000DOODOOOOoDoog
oobooooobooboooboooooboooboooooooboo
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003000000008 00000000d00000000000000
O {e1,es, - ,e}000000000000000000000O0000O0
000

0000000000000000000000000000 R,0000
00000000000000000000000000000000000
00000 RO0000000020000000000000000000
00000000000000000000000000000000000
0000000000 20000000A0O0DOOOOO 1000000
De :=OA0000D000D00O0DOOOODOOONDOO®0O00O0OO
00000000 BOODD e:=0B000000 20000 {ey,ex} 00
0000000000 1000000000000000000040000
0000000000000000000000000000 4000000
0000000000 D000D000D0N00N0N0NN0ON0NoNoodO
0000000000000000000000000000 4000000
000000000 sweep0 000000000000 {er,ex} 00000
0000000000000000000000000000 4000000
000000000000000000

00000000000000200 (d,2)000 {(1,2), (0,d)}0000
0001000000000000000000000000(d,2)0000
00000D00400000000d0000000MCO00 200000
000000200000 10000000000000000000000
ooooooo

00000 Ry,00000000000R,0000001000000 30
00000000000000000000000000000000000
0000000000 2000000000000002000000000
000000000 300000 O,ABOO0OD {e; =0A, e, =0B} 0O
0000030000000002000000000000000100 2
00000000000000000000CO000030000000

{61:(70:, 62:O_B}, 63:&}

00000000 300000000000 1000000 (d,2)00ooo
o0!/=30000000000000

€] = (172722)7 €2 = (07d70)7 €3 = (0,0,d)

0000000000000 {er,es---,e} 000000 100000000000000
00000 100000000000000d0000d0000000000000000On
0S0000000000000000000000000000000000000000
00D00MO000000000000000000000000 10000000000
0ooooo

¥Nppil000000000000000000OOOO
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00000004 0000003000000000000000000 42
ooooooooooo

ubogoogoooooooooobooboobbooboboooboooDo
gobooobo/oboobooobooboboooboboooboooognl=60
00000®¥00000000000000000000000000000
000000000000 000D00O (d,2) 0000000000000
0018.000000 (d,2)000000000O0DOOOOOODODOO
(ADOD0O0OD0O0 (d,z)0000000000ODODOD!00l>200010000
000000 RROdO 000000 Li(d,z) 0000000000000l
oo

er: =(1,z,2%-,27% 2
er: =(0,d,0,0,---,0,0)
€3 : :(0707da07""070)

e : =1(0,0,0,0,--- ,d,0)
er: =(0,0,0,0,---,0,d)

D00000000000000000011x100 Ed,2) 00100 (d,2)
00000%¥ 0000000000000 |detE(d,2)|=d~10000
(B)IxIDDOOD U,0000detl; =+100000,00000000000
00000000, 2) 00 Li(d,2) 00000000000 100 E(d,2)0
0D000000!x!000000000y,000000000
00000000000000000000000000 (d,2) 00 E(d,2)
00 (d,2)000000000000/00000000000000000
(A)ODDDO0DO0O0O (d,2)00000000001(000000 000
E(d,>)0000000d00000000000010000000000
00000000000000000100000000 L(d,2)00000
000000000000000000E(d,2)0000000000000
()00 L,00000000O0O0DODOODODOODODOODODO
D00D0000E(d,2) 00000000000 {e/,ed,---,e/}00000
000000000 Ed,>)0000000000000000000000

®¥QoUU0DO000D0D000D0D000D00000000000000D00000DOOoOog
goboboooooooobooOooooooOooOoobOOooOoobobooOoobbOOooooboobooOooonn
gobooobooooboobooooo

¥0OoOoO0OO0OO0ODO0DO0O0O000O00000000000000
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0 {u;}00010000000000

!
€ =ujje; +uzez + -+ uye,
!
€2 = ugj€) + ugzes + - - + ug e,
el’ = u;1e1 + uppes + - - -+ uye;.

gobobogobooooobooobon:

/
€1 €1 Uil U2 - Uy
/
€2 , €2 U1 U2 - U
k) = , B = , U=
/
€] €] uyp w2 v Uy

000000000000 E/=U,E000000000000000000
|det E/| = |detUy| - |det | 00000000000 |det | = |det E/| 00
0000 |detUy| =100,0 detU; =+10000000000000 (]
000000000000 00000000000000000000000
00000000000000000000000000000000000
00000000 18(B)0000000 (d,2)00 Li(d,2)000000 E O
00Ix!000 ADDODODOOOO0OCOO0O0OO0000OO0Onon

.20000000000000000O00OO0ODLDODLDODLO

0 MC(d,,)0000000000(0000000000000000 10
{ei,e2,--,¢}0000I00000000000 {f,fy--,f0000
0000D000000000000

(€5, f1) = Ojk-

00 (e, f,) 00000D0000D000D0 ADODODMAODDOO A7'O0O
gbob/bobobobgooooooboobobobobobooooon
oooogoo

€1 f1
E=| © , F:= T2 ,
€] fi

dI=E'F=F'E, F=d(E)"' =d{(E™1).
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FOOOOOOOOOODOOdetdl =d'00 FOOOOOOO!00O0OO
ogo

|det(F'E)| = |det F| - |det 'E| = d', |detF|=d.

rogooogooooon
0019 (d,) 00000000000 IODO000O0O0O0O00O0O0

A 2 -2 -1
€r: _(17272)"'7'2 y < )a

€—1: = (07070707"' 7d70)7
e :(07070707"'707d)7

gbobobooboobobobobooboboobobooon

fl: :(d7070707'”7070))
.f2: :(—2,1,0,0,"',0,0),
fs: =(-2%0,1,0.--- ,0,0),

fl—l L= (_Zl_27050705"' 7150)7
fi: =(—2710,0,0,---,0,1).

0000000000 (e, f,) =dé;, 0000000 |
0000 E0D0000O0ODOO F:=UF00000 E=U"'E0000
0000 FOOOOODOOO ED0D000O0

dl = F'E=FY U 'E)=F'E''(U).
000 YU-Y)o wooooooo0oOdoodo
dl = F'{E"), F' :=YUYHF.

000000000000000
0020.000 (d,2)000
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(A) (d,2)0000001!0000 ROOOOOO (d,2)00 L:=L(d,2) 0
000000 (d,2)00 E(d,2) 0000000 (d,2)00 F(d,2)00000
0000000000

F(d,z) =dY{E(d,z)""}, |det Fy(d,2)| =d,

F(d,»,)0000000100000000 ROOOOOOOO00O0 (d,2)0
0 L*(d,z) 000000

(B)O (d,2) 0000 E(d,z)=F0000000000 0, =0000000
0000000 F:=UEODO0OOO0F 0000000 (d,2)0000 F O
000000000 U*:=%U-)000 FOOOO0000000 F =U*F
oooo

(C)0000 (d,2)0000 E0D00O0OOOOOOOOOOOOOOOO0O
00000 FOOO (d,2)00 L*:=L*(d,2) 000000000000 LO
0000 L*0000000 (d,2)00000000 (d,2)000000001
010000000000 (d,2)00 LO0O00O0I(000000 E(d,2)0
0000(d,2) 0000 L*000001I00000000 F(d,2) 00000
oooo

0000 (A)O0dI=FEODDDDD d =|detF|-|det ' E|000000

det E=+d~'000 |det F|=d00000000 FOOOOOOOOOO
00001000000000000000000000000000000
0(@0)00 L*=L*(d,?)000000

(B)O E=E(d,2) 0000000 (d,2)00 F=F(d,2)=d(E~000

O0EO0OOOO0O0O0O0O0O0O0000 F=UEDODO0O0O0000O0OO FOO0
ooo

F'o = d{(2)"} = d{(UE) ) = d{(EU
= ({U @B = YUY F

ooooooooooobobobDovUrvddetU =£1000000000O
00000000000 '000000detU™'=1/detU=4100000
ooooooo U :=4{Ur-YYyoOoOooOooo0Oo0oO00ODO0OO0o0o0Do0000 EO
U00000000000000000000000 FOU*=4%U-YH00
gobobooboooboooboboooboooo

(uovurooo0 10 1l0o0gooopooooooooooooooo
gbobgoboboooooooobobooboboboboooooooon
0000000000 O0O0OD0O0O000000 Lid,z) 0000000000
oo0d0ooopoooO0oooooo0oUoOoooooooOooDoD Ly OoOo
gobooooboooboooboooboobbooboobooboboooo
goooo |
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oo (@CUooooooooooogoooooo

3.3.000000 (d,z)00000ooooo

00000000 FishmanO Moored 1986 000 0%¥ 00000000
ggbboobboooboboboobobuoobbuooobuooobbooo
ooobobooooooobobobuobooboooooooboobo 2000
ggooooouooon

——

20000 R, O00DODO0ODOODOO e; =0AO GQZ@DDD 2000
0¥000000003000000000000000000000000
0000000000000 04000000 ACGABOOODOOOOOO
0ood

O2000000000000

O a
O H B H O B
(C2000)

00e,=0B000000000AOOOODODOOOOOOOOOOO
0000000000 R,O0ODDOOODODDOO0ODDO00 £0 e
00000O(e, f,)=d000HADODODODOOOOOOOO ADOOBOODO
g wpd

p=I[len, FOI/IIf Nl =d/ll £, IfFHIDDDOO0O f£000,

oooooooooon
gdoodobooooooouoouoouooooa
00200000000 (d,z)000002000000000
MCOOODOOODO (d,z)00000020020000 R, ODDODODODO2
0000 Ly(d,2) 00000000000000 pwe™d,z) 0020000
(d,2)000Ly*(d,2)00000000000000DO0DOOOO f,,,0
goooooooood

®p14000 15000

®0oo (d,-)0000000000000000000000000D00000D0000
0000000000000 ddAOABOOD d/200000000000O
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M2max(d’ Z) = d/Hfmm”

000 ||f,| 000000000 f,,0000000000000
0000200 (d,2) 00 Ly(d,2) 000000000 e, 000000100
0000000000000000000000000004d/|f,|0000
0000000000000 0000000000000 e 00000
0000 Ly(d,-) 000000000000000000000000000
200 (d,2) 00 Ly(d,») 00000000000000000000000
(d,2) 00 Ly*(d,z) 000000000000000000000000OO0
fon D00 |fme| 000000000000 0000000000000
00000000000000000000000000000000000
000000000000MO0000000000000000 ---000
000000000 |

00000000 (d,2)00000000001(0000 ROOOOOOO
00 L(d,>)000000000000000000000000000
002200000000 (d,2)000001!000000000

MCOODODOO0OO (d,2) 00000010000 RO0O0O0O0OO0I0000
L(d,>)00000000(-1000000000000 ™>(d,z)0010
000 (d,z)00000000000000000000 f,,000000
000000

™ (d, 2) = d/|| f winll-
0000 (d,2) 0000000000000 Li(d,2)0000000000
00 {e=0Aj|j=1,2---,}00000000000000000000
00 {f;|j=1,2---,}0000000000000000000000 e
000000000000000A, 000!-10000000000 (1—1)
000000000 000000

{CQO—I)A\2+C3O—I>A\3+"'+CZO—I)A\l|CQ,C3,“' ,q 0o }

obobooobooooooboboo A 000 wbobbobobooO
fHLO000000000b0O000O00O0b00boboOobLboODo

p=(er, FOI/IFll = d/l[ £+l

gogboboooobooobobooboooboboobobooboboooo

0000000 Lid,z)DOOoOo0O0O0O0O0O000OO00O0Oooooooooo
gbobgboooooboboboboobooooobobobobooon
gobobooobooooboooo |
oooooboo0obboOgo200o0boooboooooD /s, 0000000
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000000 (d,2) 0000000000 {f,,fy-,f;}010000000
0000000 |f/000000000 Dieter (1975)0¥00000
00 23.000000000000000000

00000 (d,2) 000000 £0 f= (y1,50,---,y) 000000000
0000000000 00000000

y1 + zys + 2%y3 + -+ + 2"y, = 0 (mod d).

0000 0000000000000 {e,e,-+-,¢}000000

f =afitceafs+--+af

= (a1d — coz — 322 — o — 2 ey, e, - ,Cl)
go0ooooooooooo
Y1+ zy2 + 22y3 + -+ 27y = e1d = 0 (mod d).

000000000000000000000000000000 0000
00 y1+2ya+22ys+---+27 1y =kd0000000 Ak00O0O0O0DOO0O0O0O

l

.f :(kd_zy2_22y3_"'_Z_lylvy%y?n"'7yl)

=kfi+yfotysfs+ - +uf

gobooofsOobooboOoobOoobOo0ilboobooobooDooobooo
o00o0ob0 fO0OO0OO0OO0ODOOOOOODOODOODOOO |

%7U. Dieter: How to calculate shortest vectors in a lattice, Mathematics of Computation 29
(1975), pp. 827-833.
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0400000000000 00000000d

000000000 MCOOD (0000000000 /00000 100
00000000 ROI-10000000000000000000000C
0000OMCOODODO00000000000000000000000000
00000000000000000 (uniteel) 000000000000
MC(d,z) 000000000000 /000000000!/0000 R OO
00 L(d,»)000000000000000000000!0000000
{OA,0B,..- ,OF}0000000000000000Od-'0000000
000000000000!+10000 {O,AB,---,F}00000000
0/000000000000000000000(>4000000000
00000000000000000000000000000000000
000000000000000000000000 (d,2)00000000
000000 !00000000000000(0000000000000
000000

4.1. 0000000000

0000000000000000000000000000000000
00000000000000000000 3000000000000
0000000000000 000000000Ooooooooooooon
000!00000000000000000I0000000000000
ooooooo®

002400:!000000000
(AODRO00OD0O0OO0r>000000@000000)0A0O0OO1
oooDo00ooooo0

()20000 R, 0000 +01000AODDNDDOOO 00000000
000200000000000B00000000000 OA0BOOOO
00 (3Y2/4)?003000000000002000000

(C)30000 R3O0 1000200 ACABOODOODDO 3000000 r
0000000000002000000100CO000000030000
OA,0B,0C000040000000000 (3)12-Y%3003000
ooo

(D)OoODOO(>40000000000!/0000 {O,AB,---,E}000O
(1-1)000000000000 ROOODODOOO0OD0DO EO1+100

¥O0pDUD24000000000000000HWHNDOOOOOODOODOOOOOODO NN
goooooOoOoDOOOOOOOOOOOOOOOODODODOOOWANOOOOOOOOOOOOd
ooooocoooo
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00 {OA, - E}0000-00000000000020000010F0O
000000000O000D00(0000000OF00NI0O0NONNDN
OA,0B,0C,.-- ,OF00O0OOOO (1+1)000 O,A,B,C,--- ,FOOO
0o0ooooooo ((+)Y2@eY)-"»ooooo(0o00D000 000 24
ooo

0000000000(4+10000000000000000000001
0000000 (+1000000 ;1C,=I(l+1)/20000000 000
000000000000000!(00000!/0000000000000
00000O00!/00000000000(000000000000000 11
00000000000000000000000000000000000
000000000000000000!/0000000000000000
000000000000000000000

000000000!/0000!/0000000000000000000
00000000000000000000000000000000000
00000020000000000002000000000200000
000000000000000000000000 2000000000
0030000!=200000 (3Y2/42000003000002000
0000 {e;,e,} 0000 200000000000000 000300
00000000000000000000000000 p*™(r)0000
00000030000000000000000000003000000
00000

pe* (1) = (32 /2)r ~ 0.8660r

00000000000 (d,2)00000 20000 Ly(d,2)0000000
00 pe™(d,z) =d/||f,|0000020000000000 (d,2)000
0000000000

p2(d, z) = pp™*(d, 2) /2™ ™ (d)

0000000000 (d,2)00 Li(d,z) 0000000000000 0O0O30
0000000000000 00I00000000o0O0000p(d,2)000
000100000000000000 Diophantusd0O0O00O0QO0OOO0OOO
o0oooob030b00b0oob3gobooooo
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030 00000200000 200000000000 pO0D0O

p=1.1459 (317,245)

p=1.1982 (281,266)
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p=1.3012 (283,113)

1.2491 (277,20)

p

p=1.3947 (251,76)

1.3501 (311,297)

p




36

p = 14547 (251,46)

p =1.4959 (281,117)

00000000000000000000000000000000000000
00000000000000000000000000000000000000
000000000OOOOOOOOOO0000000000000000000
00000000000000000000000000000000000000

00000000000OOOOOOOO0000000000000000000
00000000000000000000000000000000000000
00000000000000000000000000000000000000
00000000000000000000000000000000000000
00000000000000000000000000000000000000

000000000OO000000000000000000000000000
00000000000000000000000000000000000000

50000
00000

foooc 00000
- 00000
fococ 00000

_ 00000
foooc 00002
folooc 00002

000% 00000

p=19915 (419,381)

p=27283 (419,262)
(03000o)
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0003000 p=p2(d,2) 000 2000000000000000 20
ooboboobooooooooobobobooboboobooooooooooo
gobobobooobooilooooblgooooboooi1oboooboog 3oon
000000000000 !000000looooooO Lid,z) 0000
0100000000000000000°000000000000000
goboo/0boboooboobooooooooooobooboooboooouoDboo
gobooobooooobooobooobooboobbooDb3pubOooDO
oobo0o0obOOo0ooOOo0obDO0o0bOOoO0bOO 30b0oUbDUoUOoboUobOoOoDo
O000OMCO (d,z) 0000000000000 000ooooooooo
125% 000 FishmanO Moore 0 D000 U0O0OO0OOOOOOOOOOODO
gbobooooooobooboboboooooooboboboobooon
gobo0obOobocOo3b0o0ob0o0oboobDOoO0ooO0oboOooboOoboboo
ooboO00bO0200000000000000000DOODOODOOD
gbobogobobobooooooooooboboboboooooooon
000000000000000000000000000000 252000
00000000002 00000000000000000000000
oob0o0obOOo0bOO0o0 20000000000 DOO0ODOODOODObOOD
goboboboooooboboboooobobooboboooboobobo
gbobooboooobobobobooobooobobobobooooon
003000000 J000000000000D0O00ODO0O0O 3000 toy
models0 00000000000 DODOCOCOOO00OODODOOO0OODODOODO
gobooboooooogpbFOObOO0ODOODOODOODOODO
oobobooooooobooboboboooobooobbobobooooooo
o00O00DbOOo0obOO0o0oOo0obooOoboobooobosubobouoboooDbooo
gbobgbobobooooooobobooboboboboooooooon
gooopbFOUOODOOUOODOOODOOOOOOOOUODOOODOOODO
oobobooboooboboboobooobobobog

4.2 /000000

ooobobobo/oboboboogoboobooboobobobooboooon
goboooboooooooooooobbooboooooDbOo 430000
gbobgboboooooooboobobooboboboboooooooon
goboboobooboooboboobboooooon

gooo/gogl>30boboooooooooooboobbobobon

¥0ooOoOooDOOODO0O0OO0O0O0 90000 d=pip2---p-» 0000000000000
gboodooobooooooooobooboOoboooo
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o0b0oO0 gobOooobOU0oOoOoOoOoo/obbooboobooOobo

€1 = OQI (b7a>a> ’a>a>a
€9 = OQ2 = (a7b>a> ’a>a>a

el—l>|< =0 l 1:(a,a,a,--- ,b,(l),
—
e’ = OQl:(aaaaa)"' ’a¢b)'

000000000 e>000b#e0%00000000004000000

0000000000000000000001!00 L*Yd0D0ooooooog

02000000000
(ADDO0D0ODDO0O0D0D000D00000000d'>0040000
(B)0DODODDDDO0O0OONONOO!0DDODDOO

040 0O/0DO0O0O0OOO0OOOODODOO

s s s
a a a
a b _ a b a a
b
a b a b
oo .- -00
0 - 00
_ 00 _ gt
Ooo0 .- .- - ¢0
00
000 s:=(-1)a+b, c:=b—a. (O 4000)

00000000000 I0000000000 |le* = {(—1)a?+b?}1/2
O0000000j#k00000000 (e e*)=(—2)a?+2ab000

Y0QopooDO00O0OD0000 0000 RODOODOOODOODODOO 100000000
0000000000000000000000000000000000000000000
000000000000 D0D0D0D0D0D0D0O0000000000N0N0N0NN0b=a000000
00000 10000000000000000000000000000

d0ppoooOoOoOoOD 100000000000000
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obobooboobobooboboboobooonoloooobobobooooon
oooooooo C=1(1-1)/200000000000

* * N . .
||€k —€j H2: ‘|Q]Qk”2:2(b_a)2? J #ka 1§]ak§la

O |le|?0000000000b=¢00000000 (B)00O0OO0O0Oa0O
0000000000 0000 (I-1)+&=2¢-1)20000

€ —46-1+3=0, =& :=2+(0+1)Y? 0OoD0O0O0

0000000000000000000000!0000000000aa0%b
0000000000006 :=2+(+1)Y200000000& 00000
1=23,---000000000000000¢ 0!000000000000

(1=2) ¢ =2-372>0 (1=3) ¢ =2-4172=0
(1=4) ¢ =2-572<0 (1=5) & =2-6Y2<0
(1=6) ¢ =2-772<0

000000000000000000e0b00000% >000000
ooo

1>20¢€=¢,>30000A:=(1+1)Y/2000000000 £=2+A
0000000000

s =(l—-Da+b=(1-1+&a=({(+1+A)a=aA(A+1),
¢c =b—a=(¢—-1a=a(A+1)

00000 A)oo
d7 =laA(A +1) - {a(A + D)} = @' A(A + 1)

goboogbobde>00b6>00000000000:0

J0-0/ a0 — 1) dDNA = 1)
TN T AT AT
dVNA +2)(A - 1)

> 3a.

b =fa=(A+2)a= A7)
00000000 100000000000 I00000 /000000000000 00
00 2000000000000 DO00DO00000000000000D0D0DODODODOOObOO
00000000 RROOOOODe,bO00D00O00DOO0D0O0DOOODOODOODOODOODOODOOO
00¢=¢_0000000000000DOO0DOODbO=300000D0000O0O0O00O00O00O0
00000 40000 3000000000000 00 3DbOOoLUOoLooobooboOoOooOoa
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0000000000000!/0000000000(!(-100000000
0000 w*(d)000000000000000 e:=(1,1,---,1)/11/200 O
000000000000Q,00000000000040!0000000

pr(d) == Da+ b} =121 =1+ &)a

1202 dDNA—1) dUEDIAAN+1)(A - 1)
=1 (A*+A) AT = BN

dTOIACO (1-1)/(20) j-1/2
:T:d (1+1) ==

0I!00 L*d)0000I00010000000000 Li*(d)DO0000
0000000 g*%d)00000¢*(d) = {2(b—a)?}/2=212p—a|000O
ooooo

E*(d) _21/2 d(l—l)/l{(A—|—2) —1}(A—1) _21/2 d(l_l)/l(A—l—l)(A—l)
l - Al/ll - Al/ll
a1/

_ 91/2
=2 AVY

— 91/2g(=1)/1( 4 1)=1/(@D),

0000000 ¢@(d)000000000000000000*0000
00oooo:

_ _ 1/2
& (d) - 91/24( 1)/l(l+1) 1/(20) R I / .
e A(d) 24D 4 1)D/E2 I+1 '

=

0000 ~*0d00000!00000000— 0000 271/2~0.70710
000000000000 00000000000 25000000

4.3./>20000000000

0025.001!0000)I00000 L*d)000000 (A)-(D)0000;:
(A)O0O00/-10000000000000000000:

Ml*(d) _ d(l—l)/l(l + 1)([—1)/(2[)1—1/2'

1=2,3,---00000000



2" (d

T T =T %

6" (d

=

(d):=
(d):=
4"(d):=
(d):=
(d):=
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2-1/231/441/2 ~ (0.93060d%/2,

3*(d) = 371/242/642/3 ~ (0.9164942/3,
= 47 1/253/83/4 ~ (0.91429d3/4,
5*(d) := 571/26%/10g4/5 ~ (0.91575d%/°,

6-1/275/1245/6 ~ 0.918444d°/5.

(B) Fishman O Moore (1986) 00 000000000000 000000 2
00060000000000O0000 AYd)ODOOOODOOOODOOO0O
0D000000000000000

A" (d) =
g™ (d) = 2
Adt(d) =
As"(d) =
Ae"(d) =

2-1/231/441/2 x 0.93060d"/? = po*(d),

1/6d2/3 ~ 0.80909d2/3 < psz*(d),

2= 1/4g3/4 ~ 0.84090d%/* < 1u4*(d),
2-3/10g4/5 ~ 0.81225d%/5 < pi5*(d),
9-1/231/1245/6  (0.77490d%/6 < pg*(d).

()0 000000000000 g*d) =2Y2d0-V/ 1+ 1)"Y@ oooo
000O001=23,---000000000000

g2 (d) =
e3*(d) =
e4™(d) =
e5*(d) ==

(d):=

66* d

21/23-1/4q1/2 ~ 1.07457d"/?,
21/24-1/642/3 ~ 1.12246d%/3,
21/25-1/803/4 ~ 1.15649d°/4,
21/26=1/1044/5 ~ 1.18222d*/°,
21/27-1/125/6 ~ 1.20251d°/6.

0/00000000000000 w ={l/RI+1)}/?<27200000
000000000000 0000D00000000D0D0O000D0DOO000

’)/2* = 2/6
’)/3* = 3/8

)2~ 0.57735,
)2~ 0.61237,

v5* = (5/12)1/2 ~ 0.64550,
v6* = (6/14)"/% ~ 0.65465.

(
(
= (4/10)"/2 ~ 0.63246,
(
(

goo25000
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1=20000000 A (d)0 uwe*(d00000000000003000
002000000000000000000003-600000000000
0000000!/000000000000000000000000000
00000000000000000000000000000000000
000000000000000000MO(@O0000)00000000
0000OMCOOOOOO00O0O000O0O00000000MCOOOOO0O
00000000000000000000000000000000000
0000000000000000MO0000000000000000
00000000000000000000000000000000000
00000000000000000000000000000000000
0000000000 MCOOO0OOOOO0000000000000000O
00000009000000000000000000000000000
0000000000000

4.4 000000000000

000000000000000000 (d,2)0000000000:100
0000 RO0O0O0OO0 L(d,2) 000000100 L*(d00000000
00000000000000000000000000000000000
0 L(d,2) 00000 (-1)0000000000 w(d,2) 00000010
0 L*d)000 w*(d)000000000000000000000000
000000000000000000000000000000000
00000000000000000000000000000000000
00000000000000000000000000000000000
000000O000000000000000

00000MCOOO0000000000000000000000000
0000@MO00000000000000000000000000000
0001>300 w(d,z)>w*(d)00 w(dz) <w*(dD000000000
oooo

pi(d, z) == p(d, z) /" (d)

goboboiloboooooobooobooobooboouobOooboobboOoDo
goboboboooopooobobobobobooooobobobobooon
ooboboooooboobobobooooooooo:
ooboboooboboboobobooobooobobobobooooooo
00000000000000D0000000000 111Cy=(+1)l/20

gobooboooooboooooooooooog!l=2,3,---,6000
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ooooo
1y* =221 4+ 1/1)7Y2? > 32~ 1.73

ooboboooooboobobobooooobobobobooobobobo
00000000000000000 (+1l/20000000000000
00000000000 00000 Lid,z) 0000000000000 0OO
ooboboooooooboobboboooooooboobobobooooooo
oooogoogg
gooboboboboooooboboboobooboboboooooon
gbobooboooooooobooboboboboboobooooooooon
ooboboobooooobooboboboooobooboobobobooooooo
oopoooboo2000oMCcOOOCUODOOOOODOODOODOOD
goMCcOOOUOOoOoOooOOooobOOoooooDoUoOOoUODOHRFOD OO
gbobgboboooooooboboboboboboooooooooon
ooob0eOdDOOODOOODOOUIDODUDOODOUODOUDOUODOO
oobobooooooobobobooooooooboobobobooooobo
gobooboooboooooooboouooob2b000b00obO00oDOoOoDOO
goboboboooboooo3googooobooboobooobooDboog
goooooboooooooobobbooboooMCOOUUObDoobboOoooo
gobobooboooooboboboobobon

4.5.000000000000000O

[>3000000b00b0o0obo0bobooobooboobboOoooOoo
oo0oo0o0obOo0o0oboooobDOoobobo0ooboooboOoboobooO 26
gobobooboboooboooo

0026.00/000000000(00000000ODOO L*doODODO:
(ADOO0O!—-100000000DDOODOO0OU0ODOOO:

() = dE=D/q 4 1)-D/C=1/2,
1=23,---000000000O0OO:

po*(d) := 271231442 ~ 0.93060d"/2,
p3*(d) = 37124%/6q%/3 ~ 0.916494/3,

pa*(d) := 4= 1253/8a3/% ~ 0.914294%/4,
ps*(d) := 5= 12641044/5 ~ 0.91575d4/°,
p6*(d) := 6= 1/275/1245/6 ~ 0.91844d%/6.
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(B) Fishman O Moore (1986) 00 000000000000 O00000O 2
00060000000000O0000 A*(d)0ODOOOOOOODOOO
0000000000000000

Ao*(d) == 271/231/4d1/? ~ 0.93060d"/2 = pp*(d),

g™ (d) == 27/8d%/% ~ 0.80909d%/% < 113*(d),

Ag*(d) == 27403/ & 0.84090d%/ < 14" (d),
(d):
(d):

As*(d) := 273/1044/5 ~ 0.81225d%% < ps*(d),
Xe™(d) := 271/231/1245/6 ~ 0.77490d5/6 < pug*(d).

(0100000000000 g*(d) =2Y2d0/ a0+ )"V oooo
00000 !1=23,---000000000000

0/0000000000000000000000 ~*={I/[2(0+1)]}'/2
<27'/20000000000000000000000000

Yo = (2/6)Y/2 ~ 0.57735,
v3*:= (3/8)1/2 ~ 0.61237,
v4* = (4/10)Y2 ~ 0.63246,
v5* = (5/12)Y/2 ~ 0.64550,
v6* = (6/14)1/2 ~ 0.65465.

goo25000

1=20000000 A*d)0 ue*(d)00000000000003000
002000000000000000000003600000000000
0000000 (000000000000000000000000000
00000000000000000000000000000000000
000000000000000000MO0000MCOO0O000000
000000000000 MCOOO000000000000000000
00000000000000000000000000000000000
00000M@MO000000000000000000000000000
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